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HARDY SPACE ESTIMATES FOR LITTLEWOOD-PALEY-STEIN SQUARE 
FUNCTIONS AND CALDERON-ZYGMUND OPERATORS 

JAROD HART AND GUOZHEN LU 


Abstract. In this work, we give new sufficient conditions for Littlewood-Paley-Stein square func¬ 
tion and necessary and sufficient conditions for a Calderon-Zygmund operator to be bounded on 
Hardy spaces H’’ with indices smaller than 1. New Carleson measure type conditions are defined 
for Littlewood-Paley-Stein operators, and the authors show that they are sufficient for the associated 
square function to be bounded from into . New polynomial growth BMO conditions are also 
introduced for Calderon-Zygmund operators. These results are applied to prove that Bony paraprod- 
ucts can be constructed such that they are bounded on Hardy spaces with exponents ranging all the 
way down to zero. 


1. Introduction 

The purpose of this work is to prove new Hardy spaee bounds for Littlewood-Paley- 

Stein square funetions and Calderon-Zygmund integral operators where the index p is allowed 
to be small. Part of the novelty of the work here is that it draws an explicit connection between 
Calderon-Zygmund operators and Littlewood-Paley-Stein square functions. 

It is well known by now that one way to define the real Hardy spaces for 0 < p < oo is by 
using certain convolution-type Littlewood-Paley-Stein square functions. This has been explored 
by many mathematicians; some of the fundamental developments of this idea can be found in the 
work of Stein [l20l 1211 and Fefferman and Stein [fTOll . In particular, Fefferman and Stein proved 
that one can define HP = HP {UP) using square functions of the form 

sqM = ( E iej/P)i" 

associated to integral operators Qkf = V/t * / for an appropriate choice of Schwartz function \\f G 
SP, where = 2*"rjr(2^x). There are also results in the direction of determining the most 
general classes of such convolution operators that can be used to define Hardy spaces, or more 
generally Triebel-Lizorkin spaces; see for example the work of Bui, Paluszyhski, and Taibelson lU 
a. Generalized classes of non-convolution type Littlewood-Paley-Stein square function operators 
were studied, for example, in |[8l|3[T^. Although all of the bounds in these articles are relegated to 
Lebesgue spaces with index p G (1, 0 °), which for this range of indices coincide with Hardy spaces. 
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In the current work, we consider a general class of non-convolution type Littlewood-Paley-Stein 
square function operators acting on Hardy spaces with indices smaller than 1. 

Before we state our Hardy space estimates for Littlewood-Paley-Stein square functions, we 
define our classes of Littlewood-Paley-Stein square function operators. Given kernel functions 
Xk '■ —)■ C for k G Z, define 

^kf{x) = [ lk{x,y)f{y)dy 
JR" 

for appropriate functions / : R" —)■ C. Define the square function associated to {A^t} by 

SaUx) = [ E \^kf{x)\^ 

\keZ 

We say that a collection of operators Ak for k G Z is a collection of Littlewood-Paley-Stein oper¬ 
ators with decay N and smoothness L-|-5, written {A^} G LPSO{N,L-\-h), for A > 0, an integer 
L > 0 and 0 < 5 < 1, if there exists a constant C such that 

(1.1) |X^(x,y)| <Cd>f(x-y) 

(1.2) |D^)ifc(x,y)| <C2l“l^<I)f(v-y) for all |a| = tti-f-■ • • + a„ < L 

(1.3) forall|a|=L. 

Here we use the notation d>^(x) = 2^”(1 -|- 2*|x|)“^ for A > 0, x G R", and k G Z. We also use 
the notation D“A(x,y) = d^F{x,y) and DfF{x,y) = dyF(x,y) for F : R^" —)■ C and a G Nq. It can 
easily be shown that LPSO(N,LF 5) C LPSO(N',LF 5') for all 0 < 5' < 5 < 1 and 0 < A' < A. 

Our goal in studying square functions of the form Sa is to prove boundedness properties from 
HP into PP. Note that it is not reasonable to expect Sa to be bounded from HP into HP when 
0 < p < 1 since Sa/ > 0. It is also not hard to see that the condition {A^t} G LPSO{N,LF^) alone, 
for any A > 0, L > 0, and 0 < 5 < 1, is not sufficient to guarantee that Sa to be bounded from HP 
into PP for any 0 < p < oo. In fact, this is not true even in the convolution setting. This can be seen 
by taking /^(x,y) = (p^(x —y) for some tp G with non-zero integral, where (pyt(x) = 2*"(p(2*x). 
The square function Sa associated to this convolution operator is not bounded from HP into PP 
for any 0 < p < Hence some additional conditions are required for in order to assure HP 
to PP bounds. For 1 < p < oo, this problem was solved in terms of Carleson measure conditions 
on Aytl(x); see for example ||6l[I7l|Vlll9l|. We give sufficient conditions for such bounds when the 
index p is allowed to range smaller than 1. The additional cancellation conditions we impose on 
Ak involve generalized moments for non-concolution operators Ak. Define the moment function 
[[Afc]]p(x) by the following. Given {A^} G PPSO{N,P + d) and a G Nq with |a| < N — n 

Xt(x,y)(x-yrdy 

JR" 

for k G Z and x G R”. It is worth noting that [[Ayt]]o(x) = Aytl (x), which is a quantity that is closely 
related to P^ bounds for Sa, see for example |[8l|9l[T9l. We use these moment functions to provide 
sufficient conditions of HP to PP bounds for Sa in the following theorem. 
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Theorem 1.1. Let {A^t} ^ LPSO{N+ where N = n + 2L + 2b for some integer L > 0 and 
0 < 5 < 1. // 

(1.4) diXaixd) = ^ \ [[^k\]a{x)\^b^=2-'<dx 

keZ 

is a Carleson measure for all a e NJ] with |a| <L, then Sa can be extended to a bounded operator 
from HP into LP for all < P — 1- 

Here we say that a non-negative measure dp{xd) on = M” x (0,°°) is a Carleson measure 
if there exists C > 0 sueh that dp{Q x (0, i{Q))) < C\Q\ for all eubes Q C M", where i{Q) denotes 
the sidelength of Q. We only prove a suffieient eondition here for boundedness of Sa from HP into 
LP, but it is reasonable to expeet that the Carleson measure eonditions in (11.41) are also necessary. 
We hope to resolve this issue entirely with a full necessary and sufficient condition in future work. 
We also provide a quick corollary of Theorem 1 1.1 1 to the type of operators studied in jSl HI [T9l . 
among others. 

Corollary 1.2. Let {Ayt} E LPSO(n +25,5) and 0 < 5 < 1. IfSA is bounded on if, then Sa extends 
to a bounded operator from HP into LP for all </?<!• 

Corollary 11.21 easily follows from Theorem 1 1.1 1 and the following observation. If Sa is bounded 
on then dpo{x, t), as defined in (11.41) for a = 0, is a Carleson measure; see [13 for proof of 
this observation. 

Another purpose of this work is to prove a characterization of Hardy space bounds for Calderon- 
Zygmund operators. Some of the earliest development of singular integral operators on Hardy 
spaces is due to Stein and Weiss ll22l . Stein ll2TI . and Feffermand and Stein liTOll . It was proved by 
Fefferman and Stein ffTOll that if T is a convolution-type singular integral operator that is bounded 
on L^, then T is bounded on HP for po < p <oo where 0 < po < 1 depends on the regularity of the 
kernel of T. This situation is considerably more complicated in the non-convolution setting, which 
can be observed in the T 1 type theorems in [[Sll^ilSlilllill. In the 1980’s David and Joume proved 
the celebrated Tl theorem that provided necessary and sufficient conditions for Lebesgue space 
LP bounds for non-convolution Calderon-Zygmund operators when I < p < oo, which coincides 
with the Hardy space bounds for this range of indices. In [l2^[T3l[TTI . the authors give sufficient 
T 1 type conditions for a Calderon-Zygmund operator to be bounded on HP for 0 < p < 1. The 
conditions in [l23l [T3l [TTI are too strong though, in the sense that they are not necessary for Hardy 
space bounds. The fact that the conditions in ll2^ [T3l [TTI are not necessary can be seen by the 
full necessary and sufficient conditions provided in [[T| when po < P < 1, where po = and 
y is a regularity parameter for the kernel of T. This can also be seen by considering the Bony 
paraproduct, which we prove (in Theorem 11.51) is bounded on HP for po < p < 1 and po can be 
taken arbitrarily close to zero. One of the main purposes of this article is to prove at full necessary 
and sufficient T\ type theorem for Calderon-Zygmund operators on Hardy spaces (Theorem 1 1.61) . 
thereby generalizing results pertaining to HP bounds from |[T0[ [Tl [2^[TTl[T3l . 

We say that a continuous linear operator T from into is a Calderon-Zygmund oper¬ 
ator with smoothness M -fy, for any integer M > 0 and 0 < y < 1, if T has function kernel 
K : M^”\{(x,a) : x G M"} —)■ C such that 

{Tf,g)= [ K{x,y)f{y)g{x)dydx 
















4 


JAROD HART AND GUOZHEN LU 


whenever f,geCQ = C^(M") have disjoint support, and there is a constant C > 0 such that the 
kernel function K satisfies 


\D^D^,K{x,y)\ < 


D^D^,K{x,y)-D^D'lKix',y)\< 


C 


j|«+|OC| + |P| 


for all |a|, ||3| < M, 


C|v —v'l'^ 

_ j|M+M+|P|+Y 


for IPI < |a| =M, |t —y| < \x — y\/2, 


DtD\K(x,y)-D^D\K(x,y')\< , for |a| < ||5| =M, \y-y'\ < \x-y\l2. 


We will also define moment distributions for an operator T G CZO{M + y), but we require some 
notation first. For an integer M > 0, define the collections of smooth functions of polynomial 
growth Om = and of smooth compactly supported function with vanishing moments (Dm = 

by 


Om = < / e : sup \f{x)\ ■ (1 + |a:|) ^ < oo I and 

I xeR" J 

= I/ G Ca (M"): f f{x)x^dx = 0 for all |a| < M 
y jw 

Let r\ G C^(M") be supported in 5(0,2), ri(A:) = 1 for a: G 5(0,1), and 0 < T] < 1. Define for 
5 > 0, ri/;(A:) = r\{x/R). We reserve this notation for r\ and r\R throughout. In ll2^[T3l[TT]| . the 
authors define 5/ for / G Om where 5 is a linear singular integral operator. We give an equivalent 
definition to the ones in [TSl [HI . Let 5 be a CZO{M + y) and / G Om for some integer M >0 
and 0 < y< 1. Fort]/ G C^(M"), choose 5o > 1 minimal so that supp(\|/) c 5(0,5o/4), and define 

= lim (r(%/),\i/)- Y, f . ^^^^^^^i^Riy)-^RQiy))fiy)^ix)dydx. 

This limit exists based on the kernel representation and kernel properties for T G CZO{M + y) and 
is independent of the choice of r|, see [|2^ [T3l fTTll for proof of this fact. The choice of Rq here 
is not of consequence as long as Rq is large enough so that supp(t|/) C 5(0,5o/4); we choose it 
minimal to make this definition precise. The definition of (r/,V[r) depends on \\r here through the 
support properties of \|/ G , but for G ®m , it follows that (T/, tjr) = lim/;^.„o (T (rj^ /), \jr) since 
the integral term above vanishes for such t|/. Now we define the moment distribution [[T]]ct G 
for T G CZO{M + y) and a G Nq with |a| < M by 

([[7’]]a,¥) = lim [ !K.{u,y)^{u)r[R{y){u-y)^dydu 

for \|/ G ®|a|, where ^ G is the distribution kernel of T. We abuse notation here in that 

the integral in this definition is not necessarily a measure theoretic integral; rather, it is the dual 
pairing between elements of y' (M^") and Throughout this work, we will use to denote 

distributional kernels and K to denote function kernels for Calderon-Zygmund operators. When 
we write in an integral over the integral is understood to be a the pairing of G ^'(R^") 
with an element of (R^"). It is not hard to show that this definition is well-defined by techniques 
from [l2^[T3l[m . This distributional moment associated to T generalizes the notion of Tl as used 
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in im in the sense that ([[rjjo,!]/) = for all \|/ G ©o and henee [[T]]q = Tl. We will also use 

a generalized notion of BMO here to extend the eancellation conditions ri,r*l G BMO, which 
were used in the T 1 theorem from [[8l. Let M > 0 be an integer and F G / (P, that is modulo 
polynomials. We say that F G BMOm if 

keZ 

is aCarleson measure for any \|/ G (Dm, where Qkf = '^k*f and \|/a:(y) = 2^"\\f(2^x). This definition 
agrees with the classical definition of BMO. That is, for F G BMOq, 

Y, \QkF{x)\^dx8f^2-k 

keZ 

is a Carleson measure, and hence F G BMO by the BMO characterization in terms of Carleson 
measures in mm. A similar polynomial growth BMOm was defined by Youssfi Il24ll . We use this 
polynomial growth BMOm to quantify our cancellation conditions for operators T G CZO{M + y) 
in the following result. 

Theorem 1.3. Let T G CZO{M -\-y) be bounded on and define L = \M/2\ and 5 = (M —2L + 

Y)/2. IfT*{x^) = 0 in D'f^for all |a| < L and [[T]]o( G BMO]^^]^ for all |oc| < L, then T extends to a 
bounded operator on HP for 

Recall here that the operator T* is defined from into via {T*f,g) = {Tg,f), and the 
definition of T* is extended to an operator from Om to by the methods discussed above. Note 
also that this is not a full necessary and sufficient theorem for Hardy space bounds as described 
above. This theorem will be used to prove the boundedness of certain paraproduct operators, which 
in turn allow us to prove the full necessary and sufficient theorem, which is stated in Theorem 1 1.61 
at the end of this section. 

The choice of L and 5 here are such that L > 0 is an integer, 0 < 5 < 1, and 2 (L + 5) = M + y. It 
is also not hard to see that T*{x^) = 0 for all |a| < L if and only if [[T*]]oc = 0 for all |a| < L. We 
prove Theorem 1 1.61 by decomposing an operator T G CZOfM Fy) into a collection of operators 
{Afc} GLPS6>(n + 2L + 25,L + 5') for 0 < 5^ < 5 and applying Theorem 11.11 This decomposition 
of T into a collection of Littlewood-Paley-Stein operators is stated precisely in the next theorem. 

Theorem 1.4. Let T G CZO{M + y) for some integer M > 1 and 0 < y < \be bounded on if, and 
vjr G (Dm- Also let L = [M/2\ and 5 = {M — 2L + y)/2. lfT*{x'^) = 0 in for all |a| <L, then 
{A^} G LPSO{n + 2L + 25,L + 5') for all 0 < 5' < 5, where A^ = QfL and Qkf{x) = * /(x). 

Furthermore, for < P extends to a bounded operator on HP if and only ifSA extends 

to a bounded operator from HP into LP. 

Throughout, we write LP = and HP = HP{W^) for 0 < p < We will also apply 

Theorem 11.61 to Bony paraproducts operator, which were originally defined in [|3l and famously 
applied in the T\ theorem m (see also |I3). Let \|/ G ®l+i for some L > 0 and cp G C^. Define 
Qkf = */ and PJ = (f)k*f. For (3 G BMO, define 

np/W= ^eAG;|3'f;/)W. 

jeZ 


(1.5) 
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It easily follows that Dp gCZO(M+y) forallM>OandO< y< 1. It is well known that 11^(1) =0, 
and if one seleets \|/ and cp appropriately, it also follows that np(I) = (3 in BMO as well. We are 
not interested in an exaet identifieation of np(l) in this work, so we don’t worry about the extra 
eonditions that should be imposed on \\f and cp to assure that np(l) = (3. 

Theorem 1.5. Let ITp be as in (11.51) for (3 G BMO, \|/ G ©l+h cp G Cq. Then lip is bounded on 
HPforall^,<p<l. 

By Theorem 1 1.5 1 it is possible to eonstruet lip so that it is bounded on HP for p > 0 arbitrarily 
small by ehoosing \\r G 23l+i for L suffieiently large. It should be noted that some Hardy spaee 
estimates for a variant of the Bony paraproduet in (11.51) were proved in ifTSll . Although we use a 
different eonstruetion of the paproduet, so we will prove Theorem 11.51 here as well. Finally, we 
state the first neeessary and suffieient boundedness theorem for Calderon-Zygmund operators on 
Hardy spaees. 

Theorem 1.6. Let T G CZO{M + y) be bounded on L^ and define L = \_M/2\ and 5 = (A/ —2L + 
Y)/2. Then T* (x“) = 0 in D'f^for all |a| < L if and only ifT extends to a bounded operator on HP 
ii+Z+S < P < 1- 

Note that Theorem 1 1.3 1 is made obsolete by Theorem 1 1.61 We state Theorem [13] separately sinee 
we will use it to prove the stronger Theorem ll.61 More preeisely, we will prove Theorem 1 1.3 1 apply 
Theorem 1 1.3 1 to prove HP bounds for Bony paraproduets in Theorem 1 1.5 1 and finally we will prove 
Theorem 1 1.6 1 with the help of Theorem 1 1.5 1 and a result from ll23l [TTl [T3]l . In this way. Theorems 
11.3111.51 and 1 1.61 are proved in that order, with eaeh depending on the previous results. 

The rest of the artiele is organized as follows. In Seetion 2, we establish some notation and 
preliminary results. Seetion 3 is dedieated to Littlewood-Paley-Stein square funetions and proving 
Theorem ll.il In seetion 4, we prove the singular integral operator results in Theorems 11.31 and [1.41 
In seetion 5, we apply Theorem 11.61 to the Bony paraproduets to prove Theorem 11.51 In the last 
seetion, we use Theorem [131 and a result from |l23l [HI [l3l to prove Theorem [L6[ 

2. Preliminaries 

We use the notation A<Bio mean that A < CB for some eonstant C. The eonstant C is allowed 
to depend on the ambient dimension, smoothness and deeay parameters of our operators, indiees 
of funetion spaees ete.; in eontext, the dependenee of the eonstants is elear. Reeall that we define 
(x) = 2^"(1 +2*|x|)“^. It is easy to verify that (x) < ^ (x) for A < N, and it is well known 
that 

)W- 

We will use these inequalities many times throughout this work without speoifieally referring to 
them. 

We will use the following Frazier and Jawerth type diserete Calderon reprodueing formula |[T2l 
(see also |[T6]| for a multiparameter formulation of this reprodueing formula): there exist 
for 7 G Z with infinite vanishing moment sueh that 

(2.1) f{x)=Y, E \Q\^jix-CQ)^j*f{cQ)inL^ 

l{Q)=2Aj+No) 
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for / G L^. The summation in Q here is over all dyadie cubes with side length ^[Q) = 
where Nq is some large constant, and cq denotes the center of cube Q. Throughout this paper, we 
reserve the notation (|) j and ^ j for the operators constructed in this discrete Calderon decomposition. 

We will also use a more traditional formulation of Calderon’s reproducing formula: fix cp G 
C^(5(0,1)) with integral 1 such that 

(2.2) ^e,/ = /inL2 

fceZ 

for / G L?, where = 2"(p(2a) — (P(y), and Qkf = Furthermore, we 

can assume that \\r has an arbitrarily large, but fixed, number of vanishing moments. Again we will 
reserve the notation \\fk and Qk for convolution operators with convolution kernels in (Dm for some 
M >0. For this work, the most important difference between the functions \\f and (|) is that \\f is 
compactly supported, while (|) is necessarily not compactly supported. We will use formula (12.11) 
to decompose square functions and formula (12.21) to decompose Calderon-Zygmund operators. 

There are many equivalent definitions of the real Hardy spaces HP = HP^EP) for 0 < p < oq. 
We use the following one. Define the non-tangential maximal function 


= sup sup f t "(p(t ^{y — u))*f{u)du , 

r>0 \x-y\<t 

where cp G ,5^ with non-zero integral. It was proved by Fefferman and Stein in ifTOll that one can 
define 11/| \hp = | \lp to obtain the classical real Hardy spaces HP for 0 < p < oo. It was also 
proved in [fTOll that for any cp G ,5^ and / G for 0 < p < oo. 


sup|(pfe*/| 


^ W/Whp- 

LP 


We will use a number of equivalent semi-norms for HP. Let \|/ G Dm for some integer M > 
n{l/p—\), and let Xfk and Qk be as above, satisfying (12.21) . For / G y/D (tempered distributions 
modulo polynomials), / G HP if and only if 


I ISt/l 

/teZ 



< oo, 

D’ 


and this quantity is comparable to 11/| I///’- The space HP can also be characterized by the operators 
and from the discrete Littlewood-Paley-Stein decomposition in (12.11) . This characterization 
is given by the following, which can be found in IfT^fTSlI . Given 0 < p <°° 


I I 

J^^e{Q)=2Dj+^o) 


\h*fi(^Q)\hQ 


HP, 


LP 


where Xe{x) = 1 for a G £ and Xe{x) = 0 for a ^ £ for a subset £ C M”. The summation again 
is indexed by all dyadic cubes Q with side length £{Q) = For a continuous function 
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/ : M” —)■ C and 0 < r < 0 °, define 


(2.3) 


MJfix) 


M 



I 

-2^U+Nq) 


f{cQ)XQ 



J 


where is the Hardy-Littlewood maximal operator. The following estimate was also proved in 

m- 


Proposition 2.1. For any v > 0, <r < p <\, and f E HP 




1 

7 


< 


LP 


HP, 


where Mj is defined as in (12.31) . 

The next result is a rehash of an estimate proved in IfT^ ; their estimate was in the multiparameter 
setting, whereas the one here is the single parameter version. 


Proposition 2.2. Let / : M” —)■ C a non-negative continuous function, v > 0, and < r < 1. 
Then 


i{Q)=2-U+!SQ) 

for all X G M”, where iMj is defined in (12.31) and the summation indexed by (.{Q) = is the 

sum over all dyadic cubes with side length and cq denotes the center of cube Q. 


Proof. Define 

Ao = {Q dyadie : ^{Q) = and |v-cg| < 2 -(^'+^o)| 

A£ = {Q dyadie : £(2) = and < |x-ce| < 

for ^ > 1. Now for eaeh Q G Aq 


^n+V 


min(7A) 


(x-cq) = 


2mm{j,k)n 


(l+2™n(^'’*)|x-Cg|)"+V 


< < 2^" 


and for eaeh Q eAi when £> I 


2 mm{j,k)n 2 min(yA)n 

(j,«+V ^ \ _ _f_ ^ _2_ 

min(y,*)^ Qi (1+2™"0’*)|x —cg|)"+''~ (1 + 2™"(./’*)(2^”i^(./+^o)))"+'' 
^ 2mm{j,k)n2-{n+v)mm{j,k)2-{n+v)£-\~n+v+{n+v){j+No) 

< 2rmx(0J-k)V2-{n+v)i2P^ 
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Since ij£^£ makes up the eolleetion of all dyadie cubes with side length 2 it follows that 


£(Q)=2-(j+^o) £=0QeAe 

oo 

< E /(ce) + 2““<»-'-‘>''£2-'l"+’) £ f(ce) 

QeAq £=l Q^Ai 

OO / 

< ^ £ /(eg)'' 

^=0 VeeA^ 

For Q and y G 2 it follows that 

|T-y| < |Y-cg| + |y-cg| < + < 2 ^+i- 0 '+^o)^ 

Henee UgeA^2 We also have that \A(\ > 2 "/” 2 ). 

IJ Q > 2-0'+^o)"2"(^"^) ^ 2~2«2(^-(^'+^o))" > |5(0,1)|“^2~^"|5(0,2^“(^'+^“)|. 

eeA^ 

Now we estimate the sum in Q above: 


Q^Ai 


< 


< 


lUgGA^Ql Ug6A£ 2 2 ga^ 

1 


2iM)n £ f(cQyxQ{y)dy 

UgeAi 21 >2ijgg^^g geA^ 








L 


B{x,2^+^-(j+^o))\ Jb{x,2^+^AJ+no)) 


E /(ce)xe(y)) 




<2^"M 


E f{cQ)XQ 

yQeAe 


(x). 


Then we have that 


£(Q)=2Aj+^q) 


< 2max(0j-/:)v ^ 2~^("+''~'/'') J £4/ 

f=0 

< 2max(0,y-I:)v J 


E /(^e)xe 

kQ^Ai 


[x) 


E f^^Q)y^Q 

£{Q)= 2 -U+N) 
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□ 


We will also need some Carleson measure estimates for the result in Theorem 11.11 The next 
proof is a well known argument that can be found in ll^fTTl. 


Proposition 2.3. Suppose 
(2.4) 


dp{x,t) = Y,l^k{x)^t=2-I^dx 

ke'Z 


is a Carleson measure, where (Jk is a non-negative, locally integrable function for all k G Z. Also 
let cp G and define P^f = cp^ * /, where (Pfc(x) = 2^'’(p(2^x) for k eZ. Then 


E IA/1'’w 


vAreZ 


^II/IIh/^ for alio <p<oo 


LP 


and 


E IA/|-m 

\ke1 


^W/Whp forall0<p<2. 


LP 


Proof Let / G and we begin the proof of the the first estimate above by looking at 
[ Y.\^kf{xWpk{x)dx 

= P [ dp({{xd)\ f r"(p{r\x-y))f{y)dy 
Jo VI 

Define E)^ = {x: \9{ff{x) \ > X}, and it follows that 




{xfi) : 


t "(p(t \x-y))f{y)dy 


>'k'>cEx, 


where E = {{xfi) : B{x,t) CE}. Therefore 


[ Y, \Pkf{x) fpkix)dx <p f dn{Ef)XP 
iR" Jo 


T 


poo 

<pJo |£El^^y = ||fAC^/||^ = 


p 

HP- 


Here we use that dp{E) < l^l for any open set E C M", which is a well known estimate for Carleson 
measures. In the case p = 2, the second estimate coincides with the first and hence there is no more 
to prove. When 0 < p < 2, we set r = | > 1 and then the Holder conjugate of r is r = jzj;- Now 
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applying the first estimate above, we finish the proof. 


dx< [ sup|Pa,/(y)| 


{'2-p)pI2 


L \Pkf{x)\Ppk{x) dx 


,keZ 


< 


(9ef) 


(2-p)p/2 


u' 


E \Pkf{x)\P^k{> 


L'- 


< 

r\j 


Wf\ 


. p{2-p) 

—2— 
\LP 


p{2-p)/2\ 

HP I 



\Pkf{.x)\P iik{x)dx 
\Whp- 


p 

1 


□ 


3. Hardy Space Estimates for Square Functions 
In this seetion we prove Theorem ll.li To do this, we first prove a redueed version of the theorem. 

Lemma 3.1. Assume {A^} G LPSO{n + 2L + 25, L + 5) for some integer L > 0 and 0 < 5 < 1. If 
^k{y^) = Ofor all k E Z and |a| < L, then \ |Sa/| Ir/ 11/| \hp for all f E HP Hi? and < 

P<1. 

We eall this a redueed version of Theorem 11.11 beeause we have strengthened the assumptions 
of from the Carleson measure estimates for (11.41) to the vanishing moment type assumption above; 
Afc(y“) = 0 for |a| < L. 


Proof. Fix VG (n/p — n,L + 5), whieh is possible sinee our assumption on p implies that ^ — n < 
L + 5. Also fix r G (0,1) sueh that < r < p. Fet / G HPfiL^, and we deeompose 


Aat/W = = E El2l^;*/(ce) f h{x,y)\\ff {y)dy. 

jeZ Q ' jeZ Q 

The summation in Q is over all dyadie eubes with side lengths £{Q) = Then we have the 

following almost orthogonality estimates 


h{x,y)<^f{y)dy 

I J 


[ h{x,y)(<^‘'j^{y)- Y, 


oyfix) 


< 




a|<L 

/i+2L+25/„ .O/'o/iv- ,,hC+S/ a^«+L+5 


a! 


(y-Y)“Uy 


(x-y)(22|x-y|)^+^ ^+"(y-ce) +d>'™(A-ce)) dy 


,/ 




(x - y) (<!>”+'•+*(}. - eg) + - eg)) A 
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Also, using the vanishing moment properties of (|);, we have the following estimate, 


[ hix,y)<^‘'f{y)dy = I (ikix.y)- Y, \ 

JR" ■' JR" \ 


a <L 


a! 


< 

rsj 


f ■s>l+‘-+Hx-y)(2'‘\y - cei)'-+*4.”+"'-+-«(j 

JR" ^ « 

+ ’S>T"*\x-cg)(2‘‘\y - - CQ)dy 


^L+5^;^+2L+28,' 
j 

<2(t^+8)(^-;) f ^'l+L+8(^^_y^^n+L+8^y_ 

JR" ■' 

^2<L+mi:-j)J <i>j+''+*(A:-ce)<t"+''+®(>>-ce)<;}. 

Therefore 

h(y,y)¥f (y)dy\ < (x-cq). 

Applying Proposition [2]^ yields 

|Ai/W| < I Eleli-»/(ce)2-'''+*>'^-‘'<l>SM|(-'-‘^e) 

feZ Q 

feZ ;eZ 

where £ = L + 5 — v>0; reeall that these parameter are ehosen sueh that v < L + 5. Applying 
Proposition l2.1l to (reeall that r was ehosen sueh that <r <p) yields the appropriate 

estimate below. 


IIWI|i;>< 


< 


/teZ [jeZ 

£ ■*/)]■ 


2 \ 2 


U’ 

< 


HP- 


LP 


This eompletes the proof of Lemma 13.1 [ 


□ 


Next we eonstruet paraproduets to deeompose A^. Fix an approximation to identity operator 
Pkf = tpfc * /, where (pfc(x) = 2^'’(p(2^x) and (p G with integral 1. Define for a, P G Nq 

[ [ ir(y)y^-“dy a<|3 

M„,p= (|5-a)!7«. 

[ 0 a ^ P 
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Here we say a < P for a = (ai, ...,a„),P = (Pi, ...,P„) G Nq if a,- < P, for all i = 1, It is elear 
that pi < oo for all a, P G Nq sinee (p G y. Also note that when |a| = |P| 


(3.1) 


M, 


a,p 


P! a = P 

0 cc 7 ^ P and |a| = |P| 


We eonsider the operators defined on where is taken to get the distributional deriv¬ 
ative aeting on . Henee PkD^f{x) is well defined for / G sinee PkD^f{x) = = 

(_l)l«l <^Z)“((p|),/) and D“((p^) G In faet, this gives a kernel representation for esti¬ 

mates for this kernel are addressed in the proof of Proposition |3^ We also have 

[[nD“]]pW = [ ^,t{x-y)S‘^{{x-yfjdy = 

JR" ^ 


For k G Z, define 


(3.2) 

(3.3) 


= ^kf{x) - [[A,t]]o(^) -Pkfix), and 

|a|=m 


for 1 < m < L. 


Proposition 3.2. Let {A^t} G LPSO{N, L + 5), where N = n + 2L + 2b for some integer L>0 and 
0 < 5 < 1, and assume that 

(3.4) diJa{x,t) = Y, \ [[^k]]a{x)\^^t=2-kd^ 

kel. 

is a Carleson measure for all a G Nq such that |a| <L. Also let a[”’^ be as in as in (13.21) and (13.31) 
for 0 < m< L. Then a[”’^ G LPS0{N, L + b) for the same N, L, and b, and satisfy the following: 

(1) [[a[™^]](x = 0 for all a G Nq with |a| < m < L. 

(2) diUm{x, t) is a Carleson measure for allO <m<L, where dfjm is defined 

dn„i{x,t)=Y, E 

feGZ |a|<L 

Proof Sinee {Ay^} G LP56)(n-f 2L-f 25,L-f 5), we know that |[[Ayt]]a(.T)| < 1 for all |a| < L. 
Then to verify that {a[™^} G LPSO{n -h 2L-1-25,L-1- 5) for 0 < m < L, it is suffieient to show that 
G LPSO{n-\-2L + 2b^L-\-b) for all a G Nq. For / G , we have the following 
integral representation for whieh was alluded to above, 

2-‘l“lp,£>»/W = (-1)W2-‘I“I {D“((pfl,/) = (-l)l“l(D»t./W. 

Sinee cp G 5^, it easily follows that D“(p G y for all a G NJ] and that {2~^^^^PkD‘^} G LPSO{n + 
2L + 2b,L + b). Now we prove (1) by induetion: the m = 0 ease for (1) is not hard to verify 

[[^r^]]o = Aytl - [[Ayt]]o -Pytl = [[Afc]]o- [[^fc]]o = 0. 
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Now assume that (1) holds for m — 1, that is, assume [[a[™ = 0 for all |a| < m — 1. Then for 

IPI < m — 1 


r r A 

|a|=/n 

The first term here vanished by the inductive hypothesis. The second term is zero since ||3| <m = 
|a| and hence p = 0. For |(3| = m, 


r r A 

llAr]]p= l|A'”-‘']]p- E iA_^(_i)MM„,p= llAf-‘'llp-||Af-‘'llp = 0, 


\a\=m 


where the sum collapses using (13.11) . By induction, this verifies (1) for all m < L. Given the Car- 
leson measure assumption for 0 (13.41) . one can easily prove (2) if the following statement 

holds: for all 0 < m < L 


(3.5) E ll|Af”’lloWI<(l+Co)'”+‘ E IlMoWI. whereCo= E 

|a|<L |a|<L |a|,|p|<L 

We verify (13.51) by induction. For m = 0, let ||3| < L, and it follows that 

[[Afllp = [[Ad]p- [[Ad]„. [K]]p = ||A,]]p- [[Ad]„.M„,p 


Then 


E lllAfllpl< E l[Mpl+ E I[MoI|m„,p|<(i+Co) E IMp|. 

|p|<L |p|<L |p|<L |p|<L 

Now assume that (13.51) holds for m — 1, and consider 

E iiiAi”’iipi< E iiiAr‘’iipi+ E I iiiAr‘’]]aiiM„,pi 

IPISl ipisi |P|<t|a|=m 

<(i+ E l««,pl) E iiiaA'’))pI 

\ |a|<m,|p|<L / |p|<L 

<(i+co) E iiiAl"^‘’iipi<(i+cor+‘ E iMpi- 

|p|<L |p|<L 

We use the inductive hypothesis in the last inequality here to bound the Then by 

induction, the estimate in (13.51) holds for all 0 < m < L, and completes the proof. □ 

Now we use Lemma ITTI and the paraproduct operators a[^”^ along with Propositions l2.3l and l3.2l 
to prove Theorem ll.il 
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Proof of Theorem \n\ By density, it is sufficient to prove that | |Sa /|\lp ^ 


HP 


fox f e HP 


We bound in the following way using the definitions of in (13.21) and (13.31) : 
|AtW/l < \/^kl(x)-Pif(x)\ + |Af*/(jr)| 

<|AtlW.Pt/W| + |Af/(x)|+ Y. l||Ar>]]„W|2-*W|p^D«/(^)| 


|a|=l 
L 


< 


|A,lW.Pt/W| + |Af>/(x)|+ Y E II|a‘'”-‘’11„W|2-‘N|AD“/W|. 

By Propositions 12.31 and l3.2[ it follows that 


m= \ |a|=« 


EI Ail A/p 


+ E E 


u> 


Y lllA'""‘*ll„2-l“l‘PiD“/P 


< 

r\j 


HP- 


LP 


Also by Lemma im it follows that 


E iAf’/P 


< 


HP- 


LP 


Therefore Sa can be extended to a bounded operator from HP into LP . 

4. Hardy Space Bounds for Singular Integral Operators 


□ 


In this section, we prove Theorem 11.31 This is a reduced version of Theorem 11.61 in the sense 
that we have strengthened the assumptions on T, and hence obtain only a sufficient condition, not 
necessary. We will apply Theorem 11.11 to prove Theorem 11.31 In order to do so, we prove the 
decomposition result in Theorem 1 1.41 

Proof of Theorem [7~?1 Let \|/ G ‘Dm- It is not hard to check that is the kernel of QkT, 

where ^l{y) = — x). Also let L = [M/2\ and 5 = (M — 2L + y)/2. We first verify (IL1I) - (IL3I) 

for \x — y\ > Assume that |y —y| > 2^“*. Then for |a| <L 


|a“rv(y)| = 


3“ 


[ (K{u,y)- Y, \\rk{u-x)du 


f lDfK{u,y)- Y, {u-xf\yfk{u-x)di 

\ mM P’ / 

2-^(m+y) 


< 


< 
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IfM > 1, then this estimate holds for all |cc| < L+ 1. In this ease, the above estimate implies that 
(11.31) also holds for = n + 2L + 25 and any 0 < 5 < 1. So it remains to verify (11.31) for M = 1, 
in whieh ease L = 0 and 5 = y/2. If |y — y^| > 2~^, then property (11.31) easily follows from the 
estimate just proved with a = 0. Otherwise we assume that |y — y'l < 2-^ and it follows that 
l^-yi > - |y-yi > \x-y\/2 > Then 


|7’Y(y-7’Y(y)l = [ {K{u,y)-K{u,y'))\\rkiu-x)du 

JM." 

= {{K{u,y) -K{u,y')) -{K{x,y)-K{x,y')))\\fk{u-x)di 

- [ L -DoK{^,y')\\u-x\\\\fk{u-x)\du 


< 


f 

JR' 


for some ^ = ct + (1 — c)m with 0 < c < 1 
\y-y'\y\x-u\ 


< 


\i-yf+'+y 

(2“*+ |jf_ j|);j+l+Y 


— v )\du 


= 2^*|y-y|^d>; 


/ I §^^/I-h2Zy-f-26 


(^-y- 


Reeall this is the situation where M = 1, L = 0, 5 = y/ 2, and |y — y^| < 2“^, and henee in the last 
line n + Y= n + 2L + 25 and 2^*|y — < 2^^\y — ^ This completes the proof of (ll.ll) - (ll.3l) for 

|t —y| > 2^~^. 

When |t —y| < 2^'^, we decompose QkT further. Let cp G with integral 1 such that \jr(.r) = 
2'’(p(2x) — (p(a:) and \j/ G “Dm- Then 


(4.1) T‘Yl(y) = Hm PyT-yf^iy) = £ QtT‘yfl(y) +Pt:T'^t'y)- 

fej 

This equality holds pointwise almost everywhere since T is a continuous operator from to 
and G “Dm- Note that G and it is only this property that will be used throughout the 
rest of this proof. So we abuse notation to make this proof a bit easier to read. For the remainder 
of the proof, we will simply write \ji^ = and — Qi with the understanding that these two can 
actually be allowed to be different elements of “Dm- Let a G Nq with |a| < L. Using the hypothesis 
T* [x^) = 0 for |/r| <Lwe write 

\Df \ < \Ak^k{x,y)\ + \Bi^k{x,y)l where 

J\u-y\<2i~i a! J 

5£,yT,y) =2^l“l / T{{D^yf)\){u)(Yk{u)- Y — 

J\u~y\>2^ V |cx|<i- / 
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The term is bounded as follows, 




X 




a <L 


< < 2^1 “12^^^“'^^(a —j). 

Let 0 < 5' < 5" < 5. The term is bounded using the kernel representation of T 


\Bi,k{x,y)\<2^\^ 


■i-y\>2^- 


K{u,v)- Y, 


\<L 


D\K{u,y) 

P! 


(v-j)f 


\{D^yf)\{u)\dv 


X 


viM- E 


<L 


A/' 


du 


< 2^1^ 


oo p 

'^L 

m=l ■^2' 


J2'"-^<\u-y\<2’”+^-^ 


f 

JR' 


|v-e| 


L+8 


I (D»^ (v) I Jv2^'’ (2* \u-y | du 

o — (L+8)£ 


^i+8^ 


<2^1 


a 


|m —};|"+^+8 


E / / r ,J (^»;(v)|^v2^"(2^2"-^)^+^' 

,“l J2"'-«<|«-V|<2'”+1-^ JR« 2("+^+S)('«-^) 

OO 

< 2'^l*^i ^ 2dn—€}n2^—{L+8)ir2^—{n+L+8){m—l)2l<-n2d^~'r^"){£+i'>^~£) 

m= 1 


m=I 


It is not crueial here that we took 5' < 5" < 5, but this estimate will be used again later where our 
ehoiee of 5' < 5" will be important. It follows that the kernel T*\\rl(y) of Q^T satisfies 


|3;T*>rtW|=2'W 

E(j-((d»?),vT 


£>k 

< 2^l“l 

^ 2?>"{k-£)^n+2L+28^ 


i>k 


^)<2fc|a|^n+2L+25(^_^)_ 


This verifies that T*\^f{y) satisfies (11.11) for |a — e| < 2^ We also verify the 5-Holder regularity 
estimate (11.21) for T*\\f^(y) with 5' in plaee of 5: let a G Mq with |a| = L. It trivially follows from 
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the above estimate that 


i>k:2 ^<\y—y'\ 




l>k\ 2^^<\y—y'\ 

<2^l“l Y, ^^«+2L+25('^_ 

t>k2^^<\y—y'\ 

< 2fc(|a|+S')y_y|8' j'^«+2L+28^^_y ^^«+2L+25^^_y)j _ 


On the other hand, for the situation where \y — y'\< 2 we consider 


Y <\At,k{x,y,y')\ + \Bi^k{x,y,y% 


£>k: 2 ^>\y~y'\ 


where 


M_tM) = 2''“' [ . r((2>»? - (o“'l')>')(«) 

J\u—y\<2^ ^ 



The Ai^k term is bounded as follows, 


\Au(w')\< 2''“lr((D»J- 



X 


<2^l“!(2^|3;-y|)^'2(^+^)(*“^)2*” 
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Recall the selection of d" such that 0 < 5' < 5" < 5. The term is bounded using the kernel 
representation of T 


\ =2^1' 


f (k{u,v)- £ - 

\V% 


D\K{u,y) 


v! 


(v-j)' 


|m—>'|>2' ^ 

x((D>®v)-(D»/(v))(vJ(«)- £ ^^^^^(u-yr]dudv 


■<L 


A'! 


<2^1^ 


Iv-jI 


L+8 


\u-y\>2^-UW \u—y\"+^+^ 


X I (Z)»^(v) - (D»^ (v) \dv 2^”(2> -y\)^+^"du 


\L+d' 


< 2d«l y / 


2—(T+5)A 


2()J+L+8)(m-A) 

x{^1+\y-v)+^';+^{y'-v))dv2’^"{2^\u-y\ )^+^"du 

oo 


m= 1 


7n=I 

< 2^i“i(2*i>;-yi)^'2(^"-^')(*~^) +d>"+2'^+2^(x-y)). 

It follows that 

oo 

Y, l^eA^^y^y') I + \Be,k{^^y^y') I 

i=k 

< 2^l“l (2* y - y' I)S' (^^"+2i+28(;c - j) + 4)"+2^+2S (;c _ y) W 2(5"-5')(*-A) 

^ ^ e=k 

< 2^l«l(2^|3;-y|)S' (^^«+22^+25(;,_^) +4,n+2L+28^^_y)j 

We now check that PkT*\\ff{y), the second term from (14.11) . also satisfies the appropriate size and 
regularity estimates. For all a G Nq 

\d^PkT*Ykiy)\ = 2'“'^l (r(D»y I < 2l“l"||r||2,22"" < 2l“l^d>''+2^+2S(;c-y. 

Here | |T| [ 2,2 is theL^ operator norm of T. Therefore r*\|t|(y) satisfies size and regularity properties 
(11.11) and (11.21) with 5' in place of 5, and hence {QkT } G LFSO(n + 2L+25,L+5') for all 5' G (0,5). 
It is trivial now to note that for ,^^2+8 < P ^ T is bounded on HP if and only if Sa is bounded 
from HP into PP since | |T/| \mp ~ | ISa/I\lp by the Littlewood-Paley-Stein characterization of HP 
inlfTOH. □ 
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Lemma 4.1. Let T G CZO{M + y) be bounded on I? and satisfy = 0 for all |a| < L = 

lM/2\. For\\f G "Dm, define 

dn^{xd)= Y, L 

|a|<LA:eZ 

where Qkf = ^k*f and = 2*”\|/(2*t). If [[r]]a G for all |a| < L, then d^^^ is a 

Carleson measure for any G IDm+l- 


Proof Assume that [[r]]oc G 5A/0|c(| for all |a| < L. Let \|/ G (Dm+l, and it follows that {QkT } G 
LPSO{L, 5') for all 5' < 5, where Qkf is defined as above and L = \M/2\ and 5 = (A/ — 2L+y)/2. 
We also define (J^f = t|/^ */, where tl/^W = (—l)!Pi\|/(A:)A:P. It follows that \|/P G ®m+l-|P|- 
Now let a G Nq sueh that |a| < L. Note that for (3 < a, it follows that t|/P G Dm, and henee 
{Q^T} G LPSO{n + 2L + 2d,L + 5') for all 0 < 5' < 5 as well. Then it follows that 


[[QkTMx) 


2l“l‘/’ rwUy)(x-yrdy 

JR” 

lim 2l“l^ f !K.{u,y)Y^{u)r[R{y){x-y)^dudy 
Jr2” 


R —^oo 


lim 

R —^oo 


P<a 


lim J^c„p2(l“l / !Kfu,y){\\rlY{u)r[R{y){u-y)^ ^dudy 

j:c„,p2(N-iPi)^([[r]],_p,(tKpr). 


Let Q C M" be a eube with side length £{Q). It follows that 


I [ \im]U^)\^dx< £ / ( Ec„,p2<i»HPi)* (||rii„_p,(v-?)' 

2-^<dQ)'^^ \P<a 


dx 


El/: 


22(|a|-|PIA 


[[T’lla-P,®") dx<\Q\. 


The last inequality holds sinee [[T]]c(_p G and G Dm C D|„|_|p| for all P < a. □ 

Motivated by the proof of Lemma l4.1[ we pause for a moment to introduee an alternative testing 
eondition to [[Tjja G BMO\^\ in Theorem 1 1.61 The following proposition introduees a perturbation 
of the definition of [[T]]a with neeessary and suffieient eonditions for [[Tjja G BMO\(jj^ for |a| < L. 


Proposition 4.2. Let T G CZO{M + y) with r*(y“) = Ofor |a| < L. Then [[r]]a G BMO\a\for all 
|a| < L if and only if 

diu^{xd)= Y 

|a|<L^eZ 

is a Carleson measure for all tjt G Dm+l, where Qkf = \^k*f and G^{u) = (m — 
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The quantity {TG^,\\f) is very closely related to ([[T]]a,V(t). One can obtain the distribution 
TG^ byreplacing (w—y)“ with (a —y)“ in the definition of [[T]]a- This gives an alternative testing 
condition for [[rjja G that could be convenient in some situations. 

Proof. Similar to the proof of Lemma l4Tl it follows that 

2l“l‘{rG',vf> = lim 2l“l‘ ! ■KXu,y)yf^(u)My)(^-yf‘i»‘iy 

= Icc.,|j2<w-iPi)‘/||rii„_p.(>|,P)-). 
p<a 

Here p are binomial coefficients and are bounded uniformly for |a|, |P| < L depending on L. 

Likewise we have that 

2'“'‘(ii7-]]„,v;> = E ■ 

P<a 

Lemma Wl \ easily follows. □ 

Finally we prove Theorem 1 1.31 

Proof of Theorem \1.3\ By density, it is sufficient to prove the appropriate estimates for / G HPHL^. 

Let \|/ G (Dm+l such that Calderon’s reproducing formula (12.21) holds for Qkf = '^k* f, where 
L = \M/2\. By Theorem I L4[ it follows that {A^} = {QkT} G LPSO{n + 2L + 8,L + 8') for all 
0 < 5' < 5 = (M — 2L +y)/2. So fix a 5' G (0,5) close enough to 5 so that < n+L+?>' ^ P- 

By Lemma l4n it follows that 

dp{x,t)=Y, Y. \[[QkT]]a{x)\^dxhj^2-k 

k^1\a\<L 

is a Carleson measure. By Theorems 11.11 and IL4[ it also follows that 5 a can be extended to a 
bounded operator from HP into PP , and hence T can be extended to a bounded operator on HP. □ 

5. An Application to Bony Type Paraproducts 

In this section, we apply Theorem 1 1.61 to show that the Bony paraproduct operators from [|3|| are 
bounded on HP, which was stated in Theorem 11.51 Let \\f G ©l+i for some L > 0 and cp G C^. 

Define Qkf = '^k*f and = 9/t * /• For (3 G BMO, recall the definition of Dp in (11.51) 

n^nx) = YQj{Qj^-Pjf) W- 

It follows that Dp G CZO{M -\-y) for all M > 0 and 0 < Y < 1. We will focus on the properties 
T*{x^) = 0 and [[T]]a G BMO\a.\ for |a| < L. Once we prove these two things, we obtain Theorem 
IL5l bv applying Theorem 1 1.61 We first give the definition of the Fourier transform that we will use 
and prove a lemma that will be used to prove the Hardy space bounds for Hp. For / G (M") and 
^ G M", define 


/«) = ?■ [/I ©= f 
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Lemma 5.1. Let V|/ G ©m+i for some integer M, and —M < s <M. Define V{x) and Vk{x) by 
V (^) = l^l'* ■ \j/(^) and Vk{x) = {2^x). Also define 


Tvnx) = Y,Vk*m. 

keZ 


Then Ty is bounded on and on BMO. 


Proof We verify this lemma by showing that the eonvolution kernel of Ty has uniformly bounded 
Fourier transform. The kernel of Ty is 


K{x) = Vk{x). 


Then 


|fS)| < £ \V(2-%)\ = 

keZ keZ 

<£(2-*|^|)-min(2-‘|4|,2‘|4|-')"+' 

keZ 

<£min(2-‘|^|,2‘|4r')<l. 

ke'Z 


Note that sineet^t G it follows that |y(^)| < min(|^|, |^| It follows that Ty is bounded 

on and on BMO', see IfTOll . □ 


Proof of Theorem lTTSl As remarked above, it is elear that Dp G CZO{M + y) for all M > 0 and 
0 < Y < 1. So it is enough to show that T*{x^) = 0 and [[T]]a G BMO^g,^ for |a| < L. For / G fD^, 
we eheek the first eondition. 



]im £(eAG/P'A/).i«'A 

jeZ 

lim y f Qj^{u)Pjf{u)Qj{r[R-x^){u)du 
Y f QM^)PjfMQji^^)i^)du = o 

jeZ 
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since Qj{x^) = 0 for |a| < L. We also verify the BMO\qa eonditions. Let |a| < L, and eompute 


[[n( 3 ]]a,tKf> = lim ^ f \\fj{u-v)Qj^{v) ( [ (p^(v-y)(M-y)“ri^(y)Jy ) \|4 (m)JvJ w 

\JK« J 

= E /, ¥;(M-v)e/P(v) 

>/R2« 2 


ivdu 


= E E 2-'“''&ere;PW, 

lj<a jeZ 

where (y) = y^\|/(y), (y) = (2-^y), and f{x) = * /(y) . Now we eonsider 


2l“l(*~f) ^ 


QkQfQjf 


= ((2-^|^|)-Ny(2-^^)) ((2-^|^|)l«lt|;M(2-^'^)y(2-^'^))/(^) 

= ‘F[Wk*Vj*f]{^), 


whereW andV are defined by W(^) = |^| = |^|l“l\[rW(^)\j/(^), Vffc(Y) =2^"W(2 ^y), 

and V^^\x) = 2^'W^\2^x). Here Ca,^ are binomial eoeffieients, and = j^n^{x)x^dx. By 
Lemma [STTl it follows that 

Yw/W= 

jeZ 


defines an operator that is bounded on BMO. Then 


l“l(*-y) o, 

and we have the following 


E2'“'^"''^efcereiPW = *PW = '^fc*(2VMp)W. 

;ez jeZ 


f E 2''“'‘l(linp]lc.,v|rI>|-=/ E 


2-^<dQ) 


E ca,,Ca-, E e,i3(Y) 


H<a 


jeZ 




ii<a 
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Note that |iy(^)| < min(|^|, |^| i) as well, and since G BMO with ||7Vm|3|| < \\^\\bmo, it 
also follows that 

Itzl JQ2-k<l[Q) A'<« '^Q2-k<t{Q) 

^ II^r(“)PIIbMO ~ IIPIIsMO- 


Therefore [[np]]^ G for |a| < L, and by Theorem 1 1.61 it follows that Tip is bounded on HP 

for all < P — i’ where L = \M/2\ and 5 = (M — 2L+ l)/2. □ 


6. Proof of Theorem II .61 


Finally, we return to the proof of Theorem II .hi We have waited to this point to do so since we 
will need both Theorem 1 1.31 and the Bony paraproduct construction in Theorem 1 1.51 
We need one other result from [l23l [l3l [HI; we state Theorem 3.13 from llT3ll adapted to our 
notation and restricted to the Hardy space setting. 


Theorem 6.1 ( [[T3ll ). Let T G CZO{M + y) be bounded on and define L = \M/2\ and 5 = 
(M — 2L + y)/2. IfT*{x^) = 0 in D'l^for all |a| < L and T\ =0 in Dq, then T is bounded on HP 
forallj^<p<\. 

In the notation of IIT3ll . this theorem is stated with q = 2,0 < p < J = n/p, L = \ J — n\ = 
\n/p — n\,a = 0, and HP = Fp'^. 

Proof of Theorem ir^ Let T G CZO{M + y) be bounded on and define L = [M/2\ and 5 = 
(M — 2L + y)/ 2. Assume that r*(v“) = 0 in for all |a| < L. Then Tl G BMO, and by Theorem 
ll.SI there exists IT G CZO{M+\) such that 11(1) = r(l), n*(y“) = 0 for |a| < M, and IT is bounded 
on HP for all < P < 1 • Then T = S + IT, where S = T — IT. Noting that 5*(y“) = 0 for all 

|a| < L and SI = 0, by Theorem 0 it follows that S is bounded on HP for all Therefore T is 

bounded on HP for all < P < 1 • 

Now assume that T is bounded on HP for all < P < 1- For \|/ G Dl, it follows that 

T\\f E HP n for all < P < 1 • It is not hard to show that 

[ T\\f{x)x^dx 
JR" 

is an absolutely convergent integral for any |a| < sup{n/p — n : yy^jyy^ < p < \} = L + d. By 
Theorem 7 in |[T4ll . it follows that 

f T\\f{x)x^dx = 0 
JR" 

for all a G Nq with |a| < L + 8. Since 5 > 0, this verifies that r*(y“) = 0 for all |a| < L. □ 
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